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ABSTRACT
We review a progress in our understanding of the moduli space for an
arbitrary number of BPS monopoles in a gauge theory with a group G of
rank r that is maximally broken to U(1)r. The derivation of the moduli
space metric has been obtained from studying the low energy dynamics
of well-separated dyons.
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1 Introduction
Among the many remarkable features of the Bogomol’nyi-Prasad-Sommerfield (BPS)
limit [1] is the existence of families of degenerate static multimonopole solutions.
For any given topological charge, the space of such solutions, with gauge equivalent
configurations identified, forms a finite dimensional moduli space. A metric for this
space is defined in a natural way by the kinetic energy terms of the Yang-Mills-Higgs
Lagrangian. As was first pointed out by Manton [2], a knowledge of this metric is
sufficient for determining the low energy dynamics of a set of monopoles and dyons.
The electromagnetic duality proposed by Montonen and Olive [3] in Yang-Mills
Higgs systems can be realized in theN = 4 supersymmetric Yang-Mills-Higgs systems,
which have the BPS magnetic monopoles as solitons. The duality implies that when
the coupling constant is large there is a dual theory where the role of monopoles and
elementary charged quanta is exchanged. This means an exact match between the
spectrum of charged particles and that of magnetic monopoles. This in turn implies
the existence of various threshold bound states of fundamental magnetic monopoles.
To see such bound states of zero bound energy, one needs to understand the low
energy dynamics of BPS monopoles, which can be approached by the moduli space
approximation. (For the recent reviews of the electromagnetic duality, see Ref.[4].)
Thus it would be interesting to understand the moduli space of the BPS magnetic
monopoles better. For the case of an SU(2) gauge symmetry spontaneously broken
to U(1), the moduli space M of solutions carrying n units of magnetic charge has
4n dimensions. This naturally suggests that these solutions should be interpreted as
configurations of n monopoles, each of which is specified by three position coordi-
nates and a U(1) phase angle. (Recall that time variation of this phase angle gives
an electrically charged dyon.) The metric for the two-monopole moduli space was
determined by Atiyah and Hitchin [5]. By using this metric, the threshold dyonic
bound states of two identical monopoles have been found by Sen and others[6]. For
three or more monopoles, the moduli space metric is still unknown. An asymptotic
form, valid in the regions of M corresponding to widely separated monopoles, has
been found by Gibbons and Manton [8], but this develops singularities if any of the
intermonopole distances becomes too small, and hence cannot be exact. The dyonic
bound states of n identical monopoles have been discussed also [7].
In this talk, which is based on our work [10, 11], we consider in detail the moduli
space of the BPS monopoles in the theory with an arbitrary gauge groupG of rank r ≥
2 in the maximal symmetry breaking (MSB) case where the unbroken gauge symmetry
will be a purely abelian subgroup U(1)r. Hopefully this talk is complementary to
Erick Weinberg’s talk where he draw more general pictures of the moduli space,
duality and unbroken gauge symmetry. In this MSB case, there are r independent
topological charges na and, correspondingly, r fundamental monopoles, each of which
carries a single unit of one of these charges [9]. The moduli spaces corresponding to
any combination of n fundamental monopoles are 4n-dimensional, just as in SU(2).
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The moduli space metric for all two-monopole solutions has been found[10], which
generalized the SU(3) result outlined by us in [11] and also found by Gauntlett and
Lowe[12] and by Connell [13]. In addition, the asymptotic form of the metric for any
number of monopoles is also found [10]. In the case where all monopoles are distinct
from each other this asymptotic form has been argued to be the exact metric over
the entire moduli space[10, 14, 15]
It might seem odd to try to obtain the moduli space metric for three or more
monopoles with a larger gauge group when this cannot even be done for SU(2). The
reason that it might actually be easier to work with a larger group is that in a number
of such cases the moduli space possesses greater symmetry. Specifically, consider
a multimonopole solution with r fundamental monopoles, each corresponding to a
different topological charge. The corresponding U(1) factors of the unbroken gauge
group act nontrivially on this solution, and this action generates an isometry on the
moduli space. Furthermore, for any such collection of topological charges there is a
solution that, although it is composite, is spherically symmetric. On the moduli space,
such a solution corresponds to a fixed point under the isometries that correspond to
overall rotation of the monopole configuration. In SU(2) there are no spherically
symmetric solutions with multiple magnetic charge [16], and hence no such fixed
points.
However generally the gauge symmetry might be partially broken to K×U(1)r−k
with unbroken nonabelian group K is a semisimple group of rank k < r. In this
case there are many oddities and one can define the moduli space of massive and
massless monopoles consistently only when total magnetic charge is purely abelian.
The the detail aspects of this case and its implications in the generalization of the
electromagnetic duality are discussed in Erick’s talk and Ref.[17].
The plan of the talk is as follows. First, we recall some properties of BPS
monopoles in general gauge group G in Sec. 2. Here we also consider some char-
acteristics of the moduli space metric. We then expose our detail analysis of the
moduli spaces in Sec. 3. Here, following the approach that Gibbons and Manton [8]
used for SU(2), we use our knowledge of the interaction between widely separated
dyons to infer the asymptotic form of the moduli space metric, which turns out to
be smooth everywhere when the monopoles are distinct. Section 4 contains some
concluding remarks.
2 BPS Monopoles
We begin by recalling some properties of the BPS solutions [1] in an SU(2) theory
spontaneously broken to U(1). We fix the normalization of the electric and magnetic
charges g and q by writing the large distance behavior of the electromagnetic field
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strength (in radial gauge) as
Bai =
rˆirˆag
4πr2
, Eai =
rˆirˆaq
4πr2
. (1)
The dyon solution carrying one unit of magnetic charge (i.e., g = 4π/e, with e being
the gauge coupling) may be written as
Φa(r) = rˆaK(r; v),
Aai (r) = ǫiak rˆ
k
(
A(r; v)− 1
er
)
,
Aa0(r) =
q√
g2 + q2
Φa, (2)
where v is the asymptotic magnitude of the Higgs field and
K(r; v) = v coth(evrη)− 1
erη
,
A(r; v) =
vη
sinh(evrη)
, (3)
with η = g/
√
g2 + q2. The mass of this dyon is m˜ = v
√
g2 + q2. after quantization,
the electric charge q should be an integer multiplet of e.
For an arbitrary gauge group G of the rank r, its generators can be chosen to be
the r Cartan subalgebra generators Hi and the lowering and raising operators, Eα
one for each root α. They are normalized so that
trHiHj = δij, trE−αEβ = δαβ (4)
in a, say, adjoint representation. The roots α may be viewed as vectors forming a
lattice in a k-dimensional Euclidean space. It is always possible to choose a basis of k
simple roots for this lattice in such a way that all other roots are linear combinations
of the simple roots with integer coefficients all of the same sign; a root is called positive
or negative according to this sign. A set of simple roots of particular importance is
defined as follows. Let Φ0 be the asymptotic value of the Higgs field in some fixed
direction (say, the positive z-axis). We may choose Φ0 to lie in the Cartan subalgebra
and then define a vector h by
Φ0 = h ·H. (5)
Here we are first concerned with the case of maximal symmetry breaking, with the
gauge group spontaneously broken to U(1)k. This is achieved if and only if h has a
nonzero inner product with all of the roots. When this is so, there is a unique set of
simple roots βa that satisfy the requirement that h ·βa be positive for all a; we shall
use this basis for the remainder of this talk.
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Asymptotically, the magnetic field must commute with the Higgs field. Hence, in
the direction chosen to define Φ0, it must be of the form
B =
rˆ
4πr2
g ·H. (6)
Topological arguments lead to the quantization condition [18]
g = g
k∑
a=1
naβ
∗
a, (7)
where again g = 4π/e and
β∗a =
βa
β2a
. (8)
are the duals of the simple roots and the integers na are the topologically conserved
charges corresponding to the homotopy class of the scalar field at spatial infinity. For
the BPS monopole configurations, the magnetic charge is given so that na ≥ 0.
Monopole solutions carrying a single unit of topological charge can be obtained
by simple embeddings of the SU(2) solution. Each simple root βa defines an SU(2)
subgroup with generators
t1 =
1√
2β2a
(
Eβ
a
+ E
−β
a
)
,
t2 = − i√
2β2a
(
Eβ
a
− E
−β
a
)
,
t3 = β∗a ·H. (9)
If Φs(r; v) and Asi (r; v) (s = 1, 2, 3) is the SU(2) solution corresponding to a Higgs
expectation value v, then
Ai(r) =
3∑
s=1
Asi (r; h · βa)ts,
Φ(r) =
3∑
s=1
Φs(r; h · βa)ts + (h− h · β∗a βa) ·H, (10)
is a solution with topological charges
nb = δab, (11)
and mass
ma = gh · β∗a. (12)
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We will refer to such solutions as fundamental monopoles [9]. As in the SU(2) case,
there are dyon solutions corresponding to these fundamental monopoles such that
asymptotically
E(a) =
qarˆ
4πr2
β∗a ·H (13)
After quantization, the electric charge qa is an integer multiple of the unit e|β∗a|2.
From Eqs. (2) and (10), we get the asymptotic form of the Higgs field for such a dyon
as Φ = Φ0 + Φ
(a) where
Φ(a) = −β
∗
a ·H
4πr
√
g2 + q2a (14)
There are a few difference between the SU(2) and general cases in the several BPS
monopole solutions. A notable difference, which will be of importance later, concerns
the symmetry of the two-monopole solutions. In the SU(2) case these failed to be
axially symmetric because any gauge transformation that compensated the effects of
a spatial rotation on one of the monopoles shifted the phase of the other monopole in
the wrong direction. By contrast, if the two are different fundamental monopoles, it
is always possible to find two gauge transformations such that each gives the required
phase shift on one of the monopoles and leaves the other invariant. As a result, the
superposition construction yields solutions with exact axial symmetry [19]. This leads
to an additional U(1) symmetry in this case.
A second difference from the SU(2) case is the existence of relatively simple,
spherically symmetric solutions that can be interpreted as superpositions of several
fundamental monopoles at the same point. These are given by Eqs. (9) and (10), but
with a composite root α, rather than a simple root βa, defining the SU(2) subgroup.
The coefficients na in the expansion
α∗ =
k∑
a=1
naβ
∗
a (15)
are the topological charges of the solution, while the mass is
m =
∑
a
nama. (16)
Although the mass and topological charge of these solutions are consistent with their
interpretation as superpositions of several noninteracting monopoles, one might still
ask why these spherically symmetric solutions should be viewed on such a different
basis than those obtained from the simple roots. An answer is obtained by counting
the normalizable zero modes about these solutions. After gauge fixing, the number
of zero modes about an arbitrary BPS solution of magnetic charge (7) is [9]
N = 4
k∑
a=1
na. (17)
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Thus, each of the fundamental monopoles has four zero modes, three corresponding to
spatial translations and the fourth to a global U(1) gauge rotation. By contrast, the
solutions based on composite roots all have additional zero modes, with the number
precisely that expected if these are in fact superpositions of several fundamental
monopoles.
In the MSB phase there are as many charged vector bosons as the number of
positive roots, whose number is much larger than that of simple roots if the gauge
group is bigger than SU(2). On the other hand we just argued that classically the
number of fundamental monopoles is identical to that of simple roots. This seems to
contradict with the duality hypothesis that the spectrum of charged particles should
match exactly that of magnetic monopoles. However the duality is an intrinsically
quantum mechanical statement: one has to study quantum mechanical spectrum of
magnetic monopoles, which raises a possible existence of the quantum mechanical
bound state of fundamental monopoles for each composite root. As the BPS mass
formula is expected to be exact in the N = 4 supersymmetric theory, the bound
energy of these composite states would be zero. This compels us to understand the
low energy dynamics of monopoles better.
The BPS configurations for a given magnetic charge, and so the same energy, are
parameterized by the N collective coordinates zα, α = 1...N , or moduli up to local
gauge transformations. For a given magnetic charge, the space of gauge-inequivalent
BPS configurations is called the moduli space. A typical configuration is
Aµ(x; zα) = (A(x; zα),Φ(x, zα)) (18)
with A4 = Φ. The 4N zero modes δαAµ = ∂Aµ/∂zα−Dµǫα satisfy the linearized BPS
equation and are chosen to satisfy the background gauge DµδαAµ = 0 with ∂4 = 0.
When we consider fluctuations around the BPS magnetic monopole configurations,
there are massless modes and massive modes. If the initial energy is arbitrary small,
the dynamics of BPS monopoles may be approximated by that of moduli[2]. The
initial field configuration at a given time will be characterized by Aµ(x, zα(t)) and its
time derivative, z˙αδαAµ in the A0 = 0 gauge. The Gauss law constraint on the initial
configuration is exactly the background gauge.
Since there is no force between monopoles at rest, one expects the low energy
dynamics is given by the kinetic part of the Yang-Mills-Higgs Lagrangian. In the
A0 = 0 gauge, this becomes
L = 1
2
Gαβ(zα)z˙αz˙β (19)
where Gαβ(zα) =
∫
d3x tr δαAµδβAµ. While one can study some characteristics of this
metric, it is hard to obtain directly from the BPS field configurations which themselves
are not known in general. However some formal characteristics of the metric can be
deduced from this. The important property of the metric is that it is hyper-Ka¨hler.
When we consider the supersymmetric Yang-Mills theory, the original supersymmetry
which should be incorporated by supersymmetrizing the above Lagrangian [20].
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A 4n-dimensional manifold with a metric is hyper-Ka¨hler if it possesses three
covariantly constant complex structures J (k), k = 1, 2, 3 that also form a quarternionic
structure and if the metric is pointwise Hermitian with respect to each J (k). If we
recast the zero modes Aµ into a spinor Ψ = δA4 + iτiδAi where τi’s are the Pauli
matrices, the zero mode equation is manifestly invariant under right multiplications
by the iτk’s [9], and this induces the almost quarternionic structure on the moduli
space. Detailed arguments that the moduli space is hyper-Ka¨hler can be found in
Refs. [5, 21].
3 Distinct Fundamental Monopoles
The metric on the moduli space determines the motions of slowly moving monopoles.
Conversely, the form of the moduli space metric can be inferred from a knowledge
the interactions between monopoles. These become quite complicated when several
monopoles approach one another as their nonabelian cores overlap. However, for
finding the metric in the regions of the moduli space corresponding to large inter-
monopole distances, it is sufficient to examine the long-range pairwise interactions
between widely separated monopoles. In large separation of monopoles, the electric
charge of individual monopole, the momentum for the phase zero mode, is conserved
and the interaction between n monopoles of 4n coordinates becomes that between
dyons of 3n coordinates. This analysis has been carried out previously for SU(2) [8]
and generalized to larger gauge groups in Ref.[10].
We begin by considering the interactions between a single pair of fundamental
dyons, with positions xa and velocities va and carrying magnetic charges gβ
∗
a and
electric charges qaβ
∗
a (a = 1, 2). If the separation between the dyons is much larger
than the radius of a monopole core, the electromagnetic interactions between them
can be well approximated by the standard results for a pair of moving point charges.
There is also a long-range scalar force that is manifested as a position-dependent shift
in the dyon mass. Recall that the mass of an isolated dyon is m˜a = h · β∗a
√
g2 + q2a.
When there is a second dyon present, its correction to the scalar field must be added
to h in this formula.
The electric and scalar fields for dyon 2 at the origin are given by Eqs. (13) and
(14). The magnetic field for dyon 2 at the origin is B(a) obtained from Eq.(6) with
only na = 1 nonvanishing. The four potentialA
(2) and A
(2)
0 for dyon 2 can be obtained
from the electromagnetic field. The dual four potential A˜(2) and A˜
(2)
0 is defined so that
E = −∇ × A˜ and B = −∇A˜0 − ∂A˜/∂t. The scalar field and four-vector potentials
can be generalized to the Lienard-Wiechart forms by taking into account the motion
of dyon 2 [8].
The motion of dyon 1 in the background of the fields generated by dyon 2 is
described by the Lagrangian
L(1) =
√
g2 + q21 tr
{
β∗1 ·H[Φ0 + Φ(2)(x1)]
}√
1− v21
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+ q1 tr
{
β∗1 ·H[v1 ·A(2)(x1)−A(2)0 (x1)]
}
+ g tr
{
β∗1 ·H[v1 · A˜(2)(x1)− A˜(2)0 (x1)]
}
. (20)
Substituting the Lienard-Wiechart form of the potentials and scalar field into Eq. (20)
and keeping only terms of up to second order in qj or vj, we obtain
L(1) = −m1
(
1− 1
2
v21 +
q21
2g2
)
− g
2
8πr12
β∗1 · β∗2
[
(v1 − v2)2 − (q1 − q2)
2
g2
]
− g
4π
β∗1 · β∗2(q1 − q2)(v1 − v2) ·w12, (21)
where m1 = gh · β∗1, r12 = |x1 − x2| and w12 ≡ w(x1 − x2) is a Dirac monopole
potential, defined so that
∇×w(x) = − x|x|3 . (22)
The Lagrangian describing the dynamics of slowly moving two dyons at large sepa-
ration follows if one symmetrizes the above Lagrangian by adding the noninteracting
part for dyon 1.
The extension to an arbitrary number of fundamental dyons is straightforward,
provided that their mutual separations are all large. The Lagrangian obtained by
adding all the pairwise interactions can be written as
L =
1
2
Mab
(
va · vb − qaqb
g2
)
+
g
4π
qaWab · vb, (23)
where
Maa = ma −
∑
c 6=a
g2β∗a · β∗c
4πrac
, Mab =
g2β∗a · β∗b
4πrab
if a 6= b, (24)
with ma = g β
∗
a · h, and
Waa = −
∑
c 6=a
β∗a · β∗cwac, Wab = β∗a · β∗bwab if a 6= b. (25)
with wab being value at xa of the Dirac potential due to the bth monopole. The
monopole rest masses have been omitted.
To obtain the moduli space metric, we need a Lagrangian that is purely kinetic;
i.e., one in which all terms are quadratic in velocities. This can be done by interpreting
the qb/e as conserved momenta conjugate to cyclic angular variables ξb. Because qb/e
is quantized in integer multiples of β2b , the period of ξj must be 2π/β
2
b . Thus, if we
make the identification
qa/e =
g4
16π2
(M−1)ab(ξ˙b +Wbc · vc), (26)
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the desired Lagrangian L is the Legendre transform
L = L+∑
j
ξ˙bqb/e
=
1
2
Mabva · vb + g
4
2(4π)2
(M−1)ab
(
ξ˙a +Wac · vc
) (
ξ˙b +Wbd · vd
)
. (27)
From this we immediately obtain the large separation approximation to the moduli
space metric,
G = Mabdxa · dxb + g
4
16π2
(M−1)ab(dξa +Wac · dxc)(dξb +Wbd · dxd). (28)
Note that this metric is equipped with a number of U(1) isometries, each of which is
generated by the constant shift of one of the ξb’s.
The fact that this asymptotic metric is hyper-Ka¨hler can be shown trivially,
following the argument by Gibbons and Manton[8]. The key ingredient is that
∇1/r = ∇ × w(r). The question is whether the asymptotic metric when it is ex-
tended in the interior region is nonsingular.
For the case of SU(2), one can easily see that this approximation to the moduli
space metric cannot be exact [8]. First of all, it develops singularities if any of the
intermonopole distances becomes too small, whereas the moduli space metric should
be nonsingular. Second, for the case of two monopoles the approximate metric is
independent of the relative phase angle ξ1 − ξ2. If this isometry were exact, the
two-monopole solutions would be axially symmetric, which we know is not the case.
Neither of these objections arises for the moduli space corresponding to a collec-
tion of several distinct fundamental monopoles in a larger group, provided that each
corresponds to a different simple root. The metric can be simplified by going to the
center of mass frame for r fundamental monpoles of mass ma for connected simple
roots βa of a simple group G. (For a given number of the distinct monopoles, we
choose for the convenience the minumum size gauge group which allows them.) The
center-of-mass position and total charge are given as
R =
1
M
∑
a
maxa (29)
qχ =
1
eM
∑
a
maqa (30)
with the total mass M =
∑
ama. The conjugate global phase of the total charge qχ
is χ =
∑
a ξa whose value lies on the real line R. We label by A = 1, , , r− 1 the r− 1
links between the adjacent pairs of simple roots, which can be read from the Dynkin
diagram. The relative coordinates and charges between monopoles are defined as
rA = xa − xb (31)
qA =
λA
2e
(qa − qb) (32)
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where βa and βb are connected by the rink A and λA = −2β∗a · β∗b . The conjugate
angular variable ψA for each qA has the range [0, 4π].
The center-of-mass part of the moduli space metric (28) is the
Gcm =M
(
dR2 +
g4
16π2M2
dχ2
)
, (33)
and is the metric of a flat four-dimensional manifold. The metric [11] for the relative
coordinates obtained from Eq. (28) is
Grel = CABdrA · drB + g
4λAλB
64π2
(C−1)ABDψADψB (34)
where DψA = dψA +w(rA) · drA and the (r − 1)× (r − 1) matrix CAB is
CAB = µAB + δAB
g2λA
8πrA
(35)
with rA = |rA| and the reduced mass matrix µAB can be deduced from the free
Lagrangian. The total moduli space is not a simple direct product of the center-of-
mass part R4 and the relative part. From the translations generated from ξi → ξi+4π,
the space R×Sr−11 of the (χ, ψA) should be divided by an indentification map of integer
group Z.
The metric is rotationally invariant and so there is a conserved angular momentum
in the dynamics, which can also be written as a sum of Jcm =MR × R˙ and
Jrel =
∑
AB
CABrA × r˙B +
∑
A
qArˆA (36)
While our metric is obtained by considering the monopoles in large separations,
this metric Grel is smooth everywhere, complete and has the right symmetry. It is not
only invariant under the spatial rotation but also under the r − 1 U(1) phase shifts
ψA → ψA+constant. The origin where rA = 0 is the point where all monopoles come
together, which should be spherically symmetric as it can be representated by the
SU(2) embedding solution mentioned earlier with the maximum positive root
∑
i β.
This leads one to suspect our metric is the right metric everywhere. This conjecture
has been argued to be correct lately by Murray and Chalmers [14, 15].
In particular when r = 2, we can confirm this explicitly. The relative moduli space
is a four-dimensional hyper-Ka¨hler space with rotational symmetry. Atiyah-Hitchin[5]
showed that such a space is one of the following manifolds:
1) flat R4.
2) the Taub-NUT geometry with an SU(2) rotational isometry.
3) the Atiyah-Hitchin geometry with an SO(3) rotational isometry.
4) the Eguchi-Hanson gravitational instanton [23].
The only one with the right symmetry and interaction, the asymptotic form and
the symmetric point turns out to be the Taub-NUT metric [11, 12, 13].
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4 Discussion
In this talk we have reviewed the method to derive the moduli space metric which
describes the low energy dynamics of the n distinct fundamental BPS monopoles in
the Yang-Mills-Higgs systems with arbitrary gauge group. The asymptotic metric
obtained by studying the low energy dynamics of dyons in large separation seems
to be correct everywhere as it has the right isometries and properties, like hyper-
Ka¨hlerness, smoothness, and completeness. We then focused ourselves to the moduli
space metric for two monopoles, whose correctness everywhere can be seen easily.
There are several questions raised from this point. One interesting issue concerns
theories for which there is the nonabelian unbroken gauge group. There has been
a considerable progress along this direction by us [17], which is summerized in Er-
ick’s talk. As discussed in detail there, the moduli space of monopoles with total
magnetic charge purely abelian in this case is the appropriate limit of the moduli
space of the identical magnetic charge in the MSB case. The massless monopoles
does not correspond to distinct solitons but instead manifest themselves as non-
abelian cloud surrounding the massive monopoles. While the zero modes for massive
monopoles remain to be interpreted as the positions and abelian phases, the zero
modes corresponding to the massless monopoles are transformed into an equal num-
ber of nonabelian global gauge orientation and gauge-invariant structure parameters
characterizing the nonabelian cloud. The unbroken nonabelian gauge group becomes
the part of the isometry group of the moduli space.
The second question is whether one can extend the above work to the many-
monopole case where some of monopoles are identical. The asymptotic form for the
metric develops a curvature singularity if a pair of identical monopoles are brought
too close together. Recently there seems to be some progress for the case where the
number of identical monopoles are less than or equal to two by using the Legendre
transformation [15]. If this is successful, one further expects some simplifications
in the cases involving two or more identical monopoles where exist of spherically
symmetric solutions. Further progress along this direction would be quite interesting
as it may shed some light on how nonabelian cloud structures itself around the sources.
Finally, one of the more compelling motivations for studying the low energy dy-
namics of monopoles and dyons arises from the Montonen-Olive duality conjecture
[3]. In certain supersymmetric Yang-Mills theories, duality maps strongly coupled
electric theories to weakly coupled magnetic ones, thus enabling one to probe the
nonperturbative nature of strongly coupled Yang-Mills theories. A notable example
of this is the N = 2 supersymmetric gauge theories softly broken to N = 1, where
confinement is explicitly realized through magnetic monopole condensation [24].
In order for such a duality to make sense, however, the spectrum of magnetically
charged particles must be consistent with that predicted by the duality mapping of
the electrically charged ones. In N = 4 supersymmetric Yang-Mills theories, duality
relates each elementary massive vector meson of electric charge γ to a tower of dyons
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of magnetic charge γ∗ among others, where γ is any root of the gauge algebra. The
analysis of the classical solutions tells us, however, that a monopole based on a com-
posite root is not a fundamental entity, but rather corresponds to a mere coincidence
point on a multi-monopole moduli space. Thus, it is imperative to see if the quanti-
zation of the multi-monopole dynamics leads to a bound state that could conceivably
be dual to the vector meson whenever γ is composite.
This program has recently been carried out in the MSB cases. The bound state
of two distinct monopoles in the MSB case was found by the authors [11], and also
independently by Gauntlett and Lowe [12]. The most massive of the charged vector
mesons in this theory is dual to a threshold bound state with composite magnetic
charge, which is realized as a unique normalizable harmonic form on the Taub-NUT
manifold. The threshold bound states of any number of distinct monopoles have
been found recently by Gibbons [22]. In theories with unbroken nonabelian gauge
symmetry, the duality implies the existence of many threshold bound states whose
magnetic charges are be abelian or nonabelian [17]. Since some candidate of the
moduli space metric is known explicitly, it would be a challenge to find such bound
states in this case.
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